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Abstract
In this letter, we consider an idea that induces flavor structure from inner prod-
ucts in noncommutative geometry. Assuming proper components of vectors v(L,R)i
in enlarged representation space for fermions, we can induce the waterfall texture
for Yukawa matrices retaining gauge interactions are universal. The hierarchy of
the Yukawa interactions is a consequence of “misalignment” between the vectors
vLi and vRj .
Although the Higgs boson was found at the LHC [1, 2], the existence of the particle
sheds further conundrums, e.g., its theoretical origin, the hierarchy problem, and the
flavor puzzle. Among various theories that aim to clarify the origin of the Higgs boson, the
Yang–Mills–Higgs model in noncommutative geometry (NCG) [3] is an elegant possibility.
In this model, the Higgs boson is identified as the gauge boson of the fifth dimension
which has the noncommutative differential algebra. In this context of NCG, nontrivial
flavor structures are usually introduced by hand to the distance of the extra dimension,
M → M ⊗ (Yu, Yd, Ye)ij in proper representation spaces [4, 5]. A lot of paper treats the
intricate flavor structures in the Standard Model [6] as one of the “principles” or “axioms”.
Meanwhile, in the phenomenological region, innumerable theories and models has been
proposed to explain the flavor structures. For example, continuous or discrete, hundreds
of flavor symmetries [7–9], the flavor textures [10], an empirical mass relation [11], and so
on.
The flavor structures are roughly classified in two types, the cascade texture and the
waterfall texture in Table 1 [12]. In grand unified models with type-I seesaw mechanism
[13], the waterfall one is more phenomenologically desirable [14, 15]. It is because the
majorana mass matrix of the right-handed neutrinos MR ∼ v2Y Tν m−1ν Yν basically shows
the waterfall texture whichever texture Yν has.
Then, in this letter, we consider an idea that induces flavor structure from inner
products in noncommutative geometry. Assuming proper components of vectors v(L,R)i
in enlarged representation space for fermions, we can induce the waterfall texture for
1

ǫ ǫ ǫǫ δ δ
ǫ δ 1



ǫ
2 ǫδ ǫ
ǫδ δ2 δ
ǫ δ 1


Cascade Waterfall
Table 1: The cascade and waterfall texture, with 1≫ δ ≫ ǫ [12].
Yukawa matrices retaining gauge interactions are universal. The hierarchy of the Yukawa
interactions is a consequence of “misalignment” between the vectors vLi and vRj .
The interpretation and origin of the enlarged space are not clear. In a toy model with
two flavor, we used four times larger one, eight-dimensional inner space. This idea is
similar to Yukawa interactions from wave function overlap in theories with extra dimen-
sions [16]. Then, perhaps the vectors v(L,R)i can be interpreted as wave function property
of discrete extra dimension by solving some equation of motions.
At the beginning, we briefly review the Higgs mechanism in NCG. The following
discussions are only presented for the fermionic sector. Those of the bosonic sector are
found in reviews [17, 18]. The spacetime is considered as M4 × Z2, the product of the
usual Minkowski space and the two discrete points. The coordinates are represented
by xM = (xµ, y = ±). Operating the exterior derivative d to the relation y2 = 1, an
anti-commutative algebra y dy = −dy y is obtained. It generates nonzero Higgs potential.
The exterior derivative of a matrix-formed function f(x) is defined as [19]:
df ≡ df + d5f ≡ ∂µfdxµ + [D, f ]dy. (1)
Here,
D =
(
0 M
M † 0
)
, (2)
is the distance matrix which determines vacuum expectation value (vev) and the mass of
the Higgs boson. Since M is arbitrary parameters, the model still works when M is the
zero matrix M = 0. This condition leads to the Higgs boson without vev and mass [20].
Hereafter, we impose M = 0 and d = d. The nilpotency of d is evident.
The extended connection and chiral fermions are introduced as [19]:
A(x) =
(
ALµ(x)dx
µ H(x)dy
H†(x)dy ARµ(x)dx
µ
)
, Ψ =
(
ψ(x,+)
ψ(x,−)
)
≡
(
ψL
ψR
)
. (3)
In order to build the fermionic Lagrangian, we define the Dirac operator for fermions
by replacing (dxµ, dy) to ΓM = (γµ, iγ5) in D = d+A
ΓMDM ≡ γµ
(
∂µ + ALµ 0
0 ∂µ + ARµ
)
+ iγ5
(
0 H
H† 0
)
, (4)
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where ΓM satisfies the Clifford algebra {ΓM ,ΓN} = 2gMN . Rescaling the connections
AL,R → −igAL,R and H → −igH , finally the fermionic Lagrangian is given by
LF = Ψ¯iΓMDMΨ =
(
ψ¯L ψ¯R
)( iD/L +igγ5H
−igγ5H† iD/R
)(
ψL
ψR
)
, (5)
=
(
ψ¯L ψ¯R
) [(iγµ∂µ 0
0 iγµ∂µ
)
+ g
(
γµALµ H
H† γµARµ
)](
ψL
ψR
)
. (6)
Here, the covariant derivative are D/(L,R) = γ
µ(∂µ − igA(L,R)µ). In the last line the iγ5 is
removed by a proper chiral transformation. The overall size of Yukawa interactions are
rescaled by the normalization of H , to obtain the canonical kinetic term (DµH)
†DµH in
the extended field strength FMNFMN . Note that the vector space in Eqs. (5),(6) is not
the space of the Dirac matrices but discrete Z2 points in M
4 × Z2.
A problem in this model is the flavor structure. Since the gauge and Higgs bosons
are unified, naively the Yukawa matrices should be universal or the identity matrix 13.
Furthermore, it is also difficult to induce nontrivial flavor structures retaining the universal
gauge coupling.
For example, we can introduce a flavor structure by the redefinition of the fermion
fields (
ψLi
ψRi
)′
=
(
VLijψLj
VRijψRj
)
. (7)
However, Since the universality of gauge interaction requires V †(L,R)ikV(L,R)kj = δij , the
form of V(L,R)ij is only restricted to the unitary matrices. The Yukawa matrix is found to
be
Yij = V
†
LikVRkj , (8)
and no hierarchy is induced. In the following, we show a solution of this point by extending
the representation spaces of femions.
Here, we describe an idea that induces nontrivial flavor structures. Each fermion is
assumed to have characteristic vectors vL,R in enlarged representation space:(
ΨL
ΨR
)
=
(
vLψL
vRψR
)
. (9)
The interactions between bosons and fermions in (6) are rewritten by inner products of
vL,R:
LI ≡
(
Ψ¯L Ψ¯R
)
g
(
γµALµ H
H† γµARµ
)(
ΨL
ΨR
)
(10)
=
(
ψ¯L ψ¯R
)
g
(
γµALµ(v
†
L, vL) H(v
†
L, vR)
H†(v†R, vL) γ
µARµ(v
†
R, vR)
)(
ψL
ψR
)
. (11)
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For example, in a four dimension space, vectors vL,R are assumed to be
vL =
(√
1− 2ǫ2L 0 ǫL ǫL
)T
, (12)
vR =
(
0
√
1− 2ǫ2R ǫR ǫR
)T
, (13)
with small parameters 1≫ ǫL,R. Using the inner products
(v†L, vL) = (v
†
R, vR) = 1, (v
†
L, vR) = 2ǫ
∗
LǫR, (14)
the interactions are found to be
LI =
(
ψ¯L ψ¯R
)( gγµALµ 2gǫ∗LǫRH
2gǫ∗RǫLH
† gγµARµ
)(
ψL
ψR
)
. (15)
Therefore we obtain gL = gR = g , and a nontrivial Yukawa coupling y = 2gǫ
∗
LǫR. The
difference between the gauge couplings gL,R can also induced by the overall redefinition
of vL,R.
This idea can be easily extended to a toy model with two flavor. The extension to
three flavor Nf = 3 is also straightforward. The chiral fermions in M
4 ×Z2 will have the
vectors (
ΨLi
ΨRi
)
=
(
vLiψLi
vRiψRi
)
, (16)
with flavor indices i, j = 1, 2. The interaction Lagrangian is written as
LI =
(
Ψ¯Li Ψ¯Ri
)
g
(
γµALµ H
H† γµARµ
)(
ΨLi
ΨRi
)
(17)
=
(
ψ¯Li ψ¯Ri
)
g
(
γµALµ(v
†
Li, vLj) H(v
†
Li, vRj)
H†(v†Ri, vLj) γ
µARµ(v
†
Ri, vRj)
)(
ψL
ψR
)
. (18)
The vectors in a eight dimension are assumed to be
vL1 =
(
cǫL 0 0 0 ǫL ǫL 0 0
)T
, (19)
vL2 =
(
0 cδL 0 0 0 0 δL δL
)T
, (20)
vR1 =
(
0 0 cǫR 0 ǫR 0 ǫR 0
)T
, (21)
vR2 =
(
0 0 0 cδR 0 δR 0 δR
)T
. (22)
Here, cX ≡
√
1− 2X2 with small parameters 1 ≫ δL,R ≫ ǫL,R. The inner products are
found to be
(v†Li, vLj) = (v
†
Ri, vRj) = δij , (v
†
Li, vRj) =
(
ǫ∗LǫR ǫ
∗
LδR
δ∗LǫR δ
∗
LδR
)
≡ yij. (23)
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Therefore, the interaction Lagrangian is rewritten as
LI =
(
ψ¯Li ψ¯Ri
)
g
(
δijγ
µALµ yijH
y†ijH
† δijγ
µARµ
)(
ψL
ψR
)
, (24)
and the waterfall texture in Table 1 is induced. The hierarchy of the Yukawa interactions
is a consequence of “misalignment” between the vectors vLi and vRj . Moreover, if we
adjust the parameters in v(L,R)i, the determinant of yij will be finite. For example, a
redefined vR1
v′R1 =
(
0 0 2ǫR 0 ǫR 0 dǫR 0
)T
, 5ǫ2R + d
2
ǫR
= 1, (25)
leads to
(vLi, vRj) =
(
2ǫ∗LǫR ǫ
∗
LδR
δ∗LǫR δ
∗
LδR
)
≡ y′ij. (26)
Then, the Yukawa matrix y′ij has finite determinant and eigenvalues:
det y′ij = ǫ
∗
LǫRδ
∗
LδR 6= 0, y1 ≃ ǫ∗LǫR, y2 ≃ δ∗LδR. (27)
To conclude, in this letter, we considered an idea that induces flavor structure from
inner products in noncommutative geometry. Assuming proper components of vectors
v(L,R)i in enlarged representation space for fermions, we can induce the waterfall texture
for Yukawa matrices retaining gauge interactions are universal. The hierarchy of the
Yukawa interactions is a consequence of “misalignment” between the vectors vLi and vRj .
The interpretation and origin of the enlarged space are not clear. In a toy model with
two flavor, we used four times larger one, eight-dimensional inner space. This idea is
similar to Yukawa interactions from wave function overlap in theories with extra dimen-
sions [16]. Then, perhaps the vectors v(L,R)i can be interpreted as wave function property
of discrete extra dimension by solving some equation of motions.
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